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Behavior of second order phase transitions at a quantum critical point
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Low-temperature specific-heat measurements on YbRh2Si2 at the second order antiferromagnetic
(AF) phase transition reveal a sharp peak at TN = 72 mK. The corresponding critical exponent
α turns out to be α = 0.38, which differs significantly from that obtained within the framework
of the fluctuation theory of second order phase transitions based on the scale invariance, where
α ≃ 0.1. We show that under the application of magnetic field the curve of the second order AF
phase transitions passes into a curve of the first order ones at the tricritical point leading to a
violation of the critical universality of the fluctuation theory. This change of the phase transition
is generated by the fermion condensation quantum phase transition. Near the tricritical point the
Landau theory of second order phase transitions is applicable and gives α ≃ 1/2. We demonstrate
that this value of α is in good agreement with the specific-heat measurements.
PACS numbers: 71.27.+a, 64.60.F, 64.60.Kw
Fundamental understanding of the low-temperature
physical properties of such strongly correlated Fermi sys-
tems as heavy fermion (HF) metals in the vicinity of
a quantum phase transition persists as one of the most
challenging objectives of condensed-matter physics. List
of these extraordinary properties are markedly large. Re-
cent exciting measurements on YbRh2Si2 at the second
order antiferromagnetic (AF) phase transition extended
the list and revealed a sharp peak in low-temperature
specific heat, which is characterized by the critical expo-
nent α = 0.38 and therefore differs drastically from those
of the conventional fluctuation theory of second order
phase transitions [1], where α ≃ 0.1 [2]. The obtained
large value of α casts doubts on the applicability of the
conventional theory and sends a real challenge for theo-
ries describing the second order phase transitions in HF
metals.
The striking feature of the fermion condensation quan-
tum phase transition (FCQPT) is that it has profound in-
fluence on thermodynamically driven second order phase
transitions provided that these take place in the non-
Fermi liquid (NFL) region formed by FCQPT [3, 4]. For
example, the second order superconducting phase tran-
sition in CeCoIn5 changes to the first one in the NFL
region [5]. As we shall see, it is this feature that gives
the key to resolve the challenge.
It is a common wisdom that low-temperature and
quantum fluctuations at quantum phase transitions form
the specific heat, magnetization, magnetoresistance etc.,
which are drastically different from that of conventional
metals [6, 7, 8, 9, 10]. Usual arguments that quasi-
particles in strongly correlated Fermi liquids ”get heavy
and die” at a quantum critical point commonly employ
the well-known formula basing on assumptions that the
z-factor (the quasiparticle weight in the single-particle
state) vanishes at the points of second-order phase transi-
tions [11]. However, it has been shown that this scenario
is problematic [12]. On the other hand, facts collected on
HF metals demonstrate that the effective mass strongly
depends on temperature T , doping (or the number den-
sity) x, applied magnetic fields B etc, while the effective
mass M∗ itself can reach very high values or even di-
verge, see e.g. [8, 9]. Such a behavior is so unusual that
the traditional Landau quasiparticles paradigm does not
apply to it. The paradigm says that elementary excita-
tions determine the physics at low temperatures. These
behave as Fermi quasiparticles and have a certain ef-
fective mass M∗ which is independent of T , x, and B
and is a parameter of the theory [13]. A concept of
FCQPT preserving quasiparticles and intimately related
to the unlimited growth of M∗ had been developed in
Refs. [3, 14, 15]. In contrast to the Landau paradigm
based on the assumption that M∗ is a constant, the FC-
QPT approach supports an extended paradigm, the main
point of which is that the well-defined quasiparticles de-
termine the thermodynamic and transport properties of
strongly correlated Fermi-systems, M∗ becomes a func-
tion of T , x, B, while the dependence of the effective
mass on T , x, B gives rise to the non-Fermi liquid be-
havior [4, 16, 17, 18, 19]. Studies show that the extended
paradigm is capable to deliver an adequate theoretical
explanation of the NFL behavior in different HF metals
and HF systems [4, 5, 16, 18, 19, 20, 21].
In this letter, we analyze the specific-heat measure-
ments on YbRh2Si2 in the vicinity of the second order
AF phase transition with TN = 72 mK [1]. The mea-
surements reveal that the corresponding critical exponent
α = 0.38 which differs drastically from that produced by
the fluctuation theory of second order phase transitions,
where α ≃ 0.1. We show that under the application of
magnetic field B the curve TN (B) of the second order AF
phase transitions in YbRh2Si2 passes into a curve of the
first order ones at the tricritical point with temperature
Tcr = TN (Bcr). This change is generated by FCQPT.
2Near the tricritical point the Landau theory of second or-
der phase transitions is applicable and gives α ≃ 1/2 [2].
This value of α is in good agreement with the specific-
heat measurements. As a result, we conclude that the
critical universality of the fluctuation theory is violated
at the AF phase transition due to the tricritical point.
We start with visualizing the main properties of FC-
QPT. To this end, consider the density functional theory
for superconductors (SCDFT) [22]. SCDFT states that
the thermodynamic potential Φ is a universal functional
of the number density n(r) and the anomalous density
(or the order parameter) κ(r, r1) and provides a varia-
tional principle to determine the densities [22]. At the
superconducting transition temperature Tc a supercon-
ducting state undergoes the second order phase transi-
tion. Our goal now is to construct a quantum phase
transition which evolves from the superconducting one.
In that case, the superconducting state takes place at
T = 0 while at finite temperatures there is a normal
state. This means that in this state the anomalous den-
sity is finite while the superconducting gap vanishes. For
the sake of simplicity, we consider a homogeneous Fermi
(electron) system. Then, the thermodynamic potential
reduces to the ground state energy E which turns out
to be a functional of the occupation number n(p) since
κ =
√
n(1− n) [19, 22, 23, 24]. Upon minimizing E with
respect to n(p), we obtain
δE
δn(p)
= ε(p) = µ, (1)
where µ is the chemical potential. It is seen from Eq. (1)
that instead of the Fermi step, we have 0 ≤ n(p) ≤ 1 in
certain range of momenta pi ≤ p ≤ pf with κ is finite in
this range. Thus, the step-like Fermi filling inevitably un-
dergoes restructuring and formes the fermion condensate
(FC) as soon as Eq. (1) possesses not-trivial solutions at
some point x = xc when pi = pf = pF [4, 14, 16]. Here
pF is the Fermi momentum and x = p
3
F /3pi
2.
At any small but finite temperature the anomalous
density κ (or the order parameter) decays and this state
undergoes the first order phase transition and converts
into a normal state characterized by the thermodynamic
potential Φ0. At T → 0, the entropy S = −∂Φ0/∂T of
the normal state is given by the well-known relation [13]
S0 = −2
∫
[n(p) ln(n(p)) + (1−n(p) ln(1−n(p))]
dp
(2pi)3
,
(2)
which follows from combinatorial reasoning. Since the
entropy of the superconducting ground state is zero, it
follows from Eq. (2) that the entropy is discontinuous at
the phase transition point, with its discontinuity ∆S =
S0. The heat q of transition from the asymmetrical to the
symmetrical phase is q = TcS0 = 0 since Tc = 0. Because
of the stability condition at the point of the first order
phase transition, we have Φ0[n(p)] = Φ[κ(p)]. Obviously
the condition is satisfied since q = 0.
At T = 0, a quantum phase transition is driven by a
nonthermal control parameter, e.g. the number density
x. To clarify the role of x, consider the effective mass
M∗ which is related to the bare electron mass M by the
well-known Landau equation [13]
1
M∗
=
1
M
+
∫
pFp1
p3F
F (pF,p1)
∂n(p1, T )
∂p1
dp1
(2pi)3
. (3)
Here we omit the spin indices for simplicity, n(p, T ) is
quasiparticle occupation number, and F is the Landau
amplitude. At T = 0, Eq. (3) reads [25, 26]
M∗
M
=
1
1−N0F 1(x)/3
. (4)
Here N0 is the density of states of a free electron gas
and F 1(x) is the p-wave component of Landau interac-
tion amplitude F . When at some critical point x = xc,
F 1(x) achieves certain threshold value, the denominator
in Eq. (4) tends to zero so that the effective mass diverges
at T = 0 [25, 26]. It follows from Eq. (4) that beyond
the critical quantum point xc, the effective mass becomes
negative. To avoid unstable and physically meaningless
state with a negative effective mass, the system must un-
dergo a quantum phase transition at the quantum critical
point x = xc, which is FCQPT [3, 4, 14, 16].
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FIG. 1: Schematic phase diagram of the system driven to
the FC state. The number density x is taken as the control
parameter and depicted as x/xc. The quantum critical point,
x/xc = 1, of FCQPT is shown by the arrow. At x/xc < 1 and
sufficiently low temperatures, the system in the Landau Fermi
liquid (LFL) state as shown by the shadow area. At T = 0
and beyond the critical point, x/xc > 1, the system is at the
quantum critical line depicted by the dash line and shown by
the vertical arrow. The critical line is characterized by the
FC state with finite superconducting order parameter κ. At
Tc = 0, κ is destroyed, the system undergoes the first order
phase transition and exhibits the NFL behavior at T > 0.
Schematic phase diagram of the system which is driven
to FC by variation of x is reported in Fig. 1. Upon ap-
proaching the critical density xc the system remains in
3LFL region at sufficiently low temperatures [4, 16], that is
shown by the shadow area. At the quantum critical point
xc shown by the arrow in Fig. 1, the system demonstrates
the NFL behavior down to the lowest temperatures. Be-
yond the critical point at finite temperatures the behav-
ior is remaining the NFL one and is determined by the
temperature-independent entropy S0 [23]. In that case at
T → 0, the system is approaching a quantum critical line
(shown by the vertical arrow and the dashed line in Fig.
1) rather than a quantum critical point. Upon reaching
the quantum critical line from the above at T → 0 the
system undergoes the first order quantum phase transi-
tion, which is FCQPT taking place at Tc = 0.
At T > 0 the NFL state above the critical line, see
Fig. 1, is strongly degenerated, therefore it is captured
by the other states such as superconducting (for exam-
ple, by the superconducting state in CeCoIn5 [5, 20, 23])
or by AF state (e.g. AF one in YbRh2Si2 [19]) lifting the
degeneracy. The application of magnetic field B > Bc0
restores the LFL behavior, where Bc0 is a critical mag-
netic field, such that at B > Bc0 the system is driven
towards its Landau Fermi liquid (LFL) regime [20]. In
some cases, for example in HF metal CeRu2Si2, Bc0 = 0,
see e.g. [27], while in YbRh2Si2, Bc0 ≃ 0.06 T [28]. In
our simple model Bc0 is taken as a parameter.
In Fig. 2, we present temperature T/TN versus field
B/Bc0 schematic phase diagram for YbRh2Si2. There
TN(B) is the Ne´el temperature as a function of the mag-
netic field B. The dash and solid lines indicate boundary
of the AF phase at B/Bc0 ≤ 1 [28]. For B/Bc0 ≥ 1, the
dash-dot line marks the upper limit of the observed LFL
behavior. Thus, YbRh2Si2 demonstrates two different
LFL states, where the temperature-dependent electrical
resistivity ∆ρ follows the LFL behavior ∆ρ ∝ T 2, one
being weakly AF ordered (B ≤ Bc0 and T < TN(B))
and the other being weakly polarized (B ≥ Bc0 and
T < T ∗(B)) [28]. At elevated temperatures and fixed
magnetic field the NFL regime occurs which is separated
from the AF phase by the curve TN (B) of phase transi-
tion. In accordance with experimental facts we assume
that at relatively high temperatures T/TN(B) ≃ 1 the
AF phase transition is of the second order [1, 28]. In that
case, the entropy and the other thermodynamic functions
are continuous functions at the curve of the phase tran-
sitions TN (B). This means that the entropy of the AF
phase SAF (T ) coincides with the entropy S(T ) of the
NFL state
SAF (T → TN(B)) = S(T → TN (B)). (5)
Since the AF phase demonstrates the LFL behavior, that
is SAF (T → 0) → 0, Eq. (5) cannot be satisfied at di-
minishing temperatures T ≤ Tcr due to the temperature-
independent term S0 given by Eq. (2). Thus, the second
order AF phase transition becomes the first order one at
T = Tcr as it is shown in Fig. 2. At T = 0, the critical
field Bc0 is determined by the condition that the ground
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FIG. 2: Schematic T −B phase diagram for YbRh2Si2. The
dashed and solid TN (B) curves separate AF and non-Fermi
liquid (NFL) states representing the field dependence of the
Ne´el temperature. The black dot at T = Tcr shown by the
arrow in the dashed curve is the tricritical temperature, at
which the curve of second order AF phase transitions passes
into the curve of the first ones. At T < Tcr, the solid line
represents the field dependence of the Ne´el temperature when
the AF phase transition is of the first order. The NFL state is
characterized by the entropy S0 given by Eq. (2). The dash-
dot line separating the NFL state and the weakly polarized
LFL is represented by T ∗(B/Bc0) ∝
p
B/Bc0 [4].
state energy of the AF phase coincides with the ground
state energy of the weakly polarized LFL, and the ground
state of YbRh2Si2 becomes degenerated at B = Bc0.
Therefore, the Ne´el temperature TN (B → Bc0) → 0.
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FIG. 3: The temperature dependence of the normalized Som-
merfeld coefficient γ0/A+ as a function of the normalized tem-
perature t = T/TN (B = 0) given by the formula (6) is shown
by the solid line. The normalized Sommerfeld coefficient is ex-
tracted from the facts obtained in measurements on YbRh2Si2
at the AF phase transition [1] and shown by the triangles.
One can expect that the Landau theory of the sec-
4ond order phase transitions is applicable at the tricritical
point T ≃ Tcr since the fluctuation theory can lead only
to further logarithmic corrections to the values of the crit-
ical indices [2]. As a result, upon using the Landau the-
ory we obtain that the Sommerfeld coefficient γ0 = C/T
varies as γ0 ∝ 1/
√
|t− 1| as the tricritical point is ap-
proached at fixed magnetic field [2], where t = T/TN(B).
Taking into account that the specific heat increases in go-
ing from the symmetrical to the asymmetrical AF phase
[2], we obtain
γ0(t) = A± +
B±√
|t− 1|
. (6)
Here, B± are the proportionality factors which are dif-
ferent for the two sides of the phase transition, the pa-
rameters A± related to the corresponding specific heat
(C/T )± are also different for the two sides, and “+”
stands for t > 1, “−” stands for t < 1.
The attempt to fit the available experimental data for
γ0 = C(T )/T in YbRh2Si2 at the AF phase transition in
zero magnetic fields [1] by the function (6) is reported in
Fig. 3. We show there the normalized Sommerfeld coeffi-
cient γ0/A+ as a function of the normalized temperature
T/TN(B = 0). It is seen that the normalized Sommerfeld
coefficient γ0/A+ extracted from C/T measurements on
YbRh2Si2 [1] can be well described by the formula (6)
with A+ = 1.
A few remarks are in order here. The good fitting of the
experimental facts by the function (6) with the critical
exponent α = 1/2 allows us to predict that the second
order AF phase transition in YbRh2Si2 changes to the
first order under the application of magnetic field as it is
shown by the arrow in Fig. 2. It is seen from Fig. 3 that
at t ≃ 1 the peak is sharp, while one would expect that
anomalies in the specific heat associated with the onset
of magnetic order are broad [1, 29, 30]. Such a behavior
presents fingerprints that the phase transition is to be
changed to the first order one as it is shown in Fig. 2.
As seen form Fig. 3, the Sommerfeld coefficient is larger
below the phase transition than above it. This fact is in
accord with the Landau theory stating that the specific
heat is increased when passing from t > 1 to t < 1 [2].
In summary, we have predicted that the curve of the
second order AF phase transitions in YbRh2Si2 passes
into the curve of the first order ones at the tricritical point
under the application of magnetic field. This change is
generated by the fermion condensation quantum phase
transition. Near the tricritical point the Landau theory
of second order phase transitions is applicable and gives
the critical index α ≃ 1/2. We demonstrate that this
value of α is in good agreement with the specific heat
measurements and conclude that the critical universality
of the fluctuation theory is violated at the AF phase tran-
sition since the second order phase transition is about to
change to the first order one making α→ 1/2.
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